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The  Fundamental  worlcs  of  Einstein^-  and  Smoluchowski^  concerning 
Brownian  moleoular  movement  were  oonoerned  with  the  transposition  of 
spherical  partiolee.  To  be  sore,  Einstein  also  considered  the  ro¬ 
tation  around  a  space-limited  axis.  However,  this  is  a  problem  of 
less  peaotioal  importance.  It  has  already  been  demonstrated  that 
it  is  very  difficult  to  theoretically  consider  the  rotational 
movement  of  a  particle  around  its  central  point  as  transpositional 

re 

movement  .  The  main  reason  for  these  differences  is  as  follows: 

If  one  oan  oonoeive  of  the  transpositional  movement  as  a  zigzag 
line  which  consists  of  similar  straight  lines  of  length  A  ,  whose 
directions  are  quite  independent  of  each  other,  then  one  may  in 
the  case  of  rotational  movement  assume  a  aeries  of  rotations  at 
a  ponstant  angle  around  axes  which  are  quite  independent  from  each 
other  and  permanently  varying.  However,  during  transposition,  a 
commutative  group  forms  whioh  is  not  the  oase  during  rotation,  Ike 
enumeration  of  the  possibility  of  a  position  alteration  composed  of 
n  elementary  steps  is  in  this  oase  very  complicated. 

^  The  method  given,  therefore, ,is  to  prepare  a  differential 
equation  for  the  probability  of  a  given  position  for  the  particles. 
This  was  done  by  Einstein  {sited  earlier)  for  the  transpositional 
movement  and  reoently  by  Perrin^  for  the  treatment  of  a  speoial 
problem  of  the  rotation  around  a  fixed  point. 

As  should  be  indicated  in  the  fol^nwing,  this  method  permits 
one  to  treat  quite  generally  the  molecular  movement  of  an  ar 
trary  body.  Thus,  one  oan  deal  with,  for  example,  the  simultaneous 
transpositions  and  rotations  of  a  triaxial  ellipsoid  and  eonmaquently 
the  speoial  oases  of  spheres,  needles,  and  dlsos. 


.  The  Fundamental  Law  of  Molecule^  Movement 
The  double  kinetic  energy  of  a  paatiole,  whose  position  is 


defined  by  she  general  coordinates  q^,  qg  .....  qn,  isi 

(1)  2T=  §  A^V 

If  this  particle  is  moved  in  an  agitating  liquid,  then  the 
beat  developed  per  unit  of  tine  is; 

(8j  ?  ^  3^  V  ^ 

Here  aa  well  as  g^,  whose  determination  represents  a 


hydrodynamic  problem,  are  functions  of  the  q. 


% 

Now  the  position  rank  movement  equation  is  developed: 


(3) 


where  the  are  components  of  the  general  energy,  which  in  the  oase 
of  molecular  movement  considered  by  us  have  a  quite  irregular  in¬ 


fluence  on  movement.  Frequently,  has  a  positive  value  as  well 
as  a  negative  value. 


*  Here  a  certain  assumption  concerning  the  frictional  energy  is 
made,  namely,  that  it  results  entirely  from  the  dispersive  function 
F.  Lord  Rayleigh  (Theory  of  Sound  1.  par.  81)  tacitly  assumes  this 
while  Lamb  (Textbook  of  Hydrodynamics,  Lehrbuoh  der  Eydrodynamik, 
Leipzig  and  Berlin,  1907,  p.  652)  indicated  in  this  regard  that 
equation  (3)  is  true  only  when  the  frictional  energy  did  not  po¬ 
sses  a  gyrostatio  fraotion  that  did  wort.  T£is  assumption  is 
consistent  with  oertain  symmetrical  properties  of  exioted  bodies. 


I 

i 


-3 


If  one  combines  equations  (1)  and  {?,)  into  equation  (3)  and 
assumes  the  movement  to  be  slow  enough  so  that  all  electron  terms 
whose  squares  or  produots  are  lnoluded  in  q,  oan  be  disregarded, 
then  one  obtains: 

(4)  f  v  +  ?  V  = 

The  equations  (1),  (2),  and  (4)  oan  in  this  manner  be  reduced 
to  a  single  form  in  that  ona  converts  simultaneously  in  the  sum  of 
the  squares  both  of  the  quadratio  forma  T  and  ?  by  an  infinitesimal 
transformation 

(5)  d  ^ 

where  ia  dependent  on  q.  In  this  oase,  the  ooeffioienta  of  the 
transformed  form  ?  all  have  the  value  1.  We  have  therefore: 

(6)  *T-  |;s.U 

m  2  f  ■  ii  1*. 

where  the  generally  is  completely  dependent  cn  q. 

If  a  simplified  form  ie  assumed  for  the  movement  equation: 

is)  °-i  L.  «  ii,  -  ^ 

where  can  be  combined  with  Q  by  the  relationship 

=  ST  — . A  J  ^ 

z:  -2:0. 


so  that 


j  Slnoe  equation  (5)  oan  generally  not  be  Integrated,  then 

there  exists  no  finite  quantity  for  'I  .  However,  we  oan  speak 
J  about  this  in  the  immediate  environment  of  a  point  q^Q,  Qgo***** 

|  if  we  give  ^  at  this  point  the  value  zero.  Then,  it  follows 
from  (8)rwith  consideration  of  the  Boltzmann  law  of  distribution 
where  =  Jk  ~T*  ,  for  the  means  arrived  at  for  many 

particles 

(„  \  -o;  T*  -  ^ 

If  t  is  only  seleoted  small  enough. 

Id  order  to  olarify  the  fact  that  the  ^^here  is  an  Infinitely 
small  number,  we  oan  write  equation  (9)  in  the  form: 

( 9 1 )  \  ~  O  j  cJ  ^  '  2^  Tst, 

for  the  means  this  gives  rise  to  good  result?  for  eaoh  degree 
of  freedom.  This  allows  one  to  describe  simply  ths  aotually  quits 
oocqjlioatQd  and  unoofctrolled  movement.  This  is  true  for  eaoh  parti¬ 
cle  in  tha  very  small  elementary  period  *TT  : 

(9..) 


|  thus: 

UO)  Jr>-  -  ij  zlT**., 

I  whioh  means  the  point  travels  in  a  rectilinear  manner  of  the  oonsfcant 
magnitude  A  in  the  ^  spaoe  in  ths  small  constant  elementary  spaoo  ‘X 


where 


(10M 


\A  =  aATr«- 


!  in  this  oase,  the  direotioas  of  the  elementary  step  should  completely 

| 

| abandon  the  laws  of  chance*. 

|  7rom  this  fundamental  law,  it  one  divides  (10)  by  l“ta  =  “tT1, 

( and  considers  (7)  then  the  friotional  heat  developed  in  the  unit  of 
|  tine  has  the  value 


V\ 


it  *  I 


^JLTh 

T 


or  if  we  transform  back  from  q  according  to  equation  (2) 


3F-  JuvV 


"11 


The  heat  developed  during  this  movement  has  thus  a  value  whloh  is 
dependent  only  on  the  temperature  and  the  number  of  degrees  of 
freedom. 

If  we  multiply  this  equation  on  both  sides  by  J 'll1"  and 
take  into  consideration  equation  (10*),  then  we  arrive  at: 

!  an  J***  3**  J\-  ^ 

We  could  then  also  exprejt.  the  fundamental  law  as  follows:  In 

the  noneuclidiah  q-space  with  the  volumetrio  determination  ^11), 

the  point  travels  in  the  elementary  space  "C  with  the  oon*tant  A 

distance  . 

* 

*  If  is  not  even  necessary  to  assume  elementary  steps  of  the  same 
size.  If  one  does  not,  then  the^c?  the  equation  (10f)  signifies 
the  quadratic  mean  of  all  elementary  steps. 
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Now  we  define  . <^wC)  V^,  J<y  *  as  the  probability  that 

|  the  point  et  time  “t  in  the  volume  element  of 

’  the  q-apaoe  where 

I  (12)  5“  IJiaI 

I 

|  signifies  the  formulation  of  a  partial  differential  equation 

\ 

:  for  U.  Sinoe  the  probability  U  is  direotly  proportional  tc  the 

\ 

|  number  of  particles  N  in  the  rol-une  space,  then  we  oan  operate 
(  with  the  quantity  N  and  later  raplaoe  N  with  U.  A  ooDtinuity 
I  equation  is  required  for  H  and  this  will  now  be  derived. 

|  The  spaoe-vo  is  limited  by  the  surface  a  with  £he  exterior 
I  positional  calculated  patterns  V  •  We  ask  ourselves  how  many  parti* 
oles  in  the  elementary  spaoex  by  the  elementary  step  X  pass  from 
the  outside  to  the  inside  through  the  surfaoe  element  Jo-  .  We  a are 
restricted,  however,  first  of  all  by  those  partiolea  which  fora 
the  angles  with  the  patterns  V  •  The  number  in  this  particular 
group  per  volume  space  we  teraN^  •  Thus; 

(13)  £  N„  =  -g- 


The  calculations  yield  of  the  actual  number  sinoe  only  those 
particles  which  are  moving  towards  the  surfaoe  pass  through  it* 
The  number  sought  by  us  is: 


.  J 


N,  J 


o 
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In  this  oase,  however,  one  must  bear  in  mind  that  N*  is  a 
funotion  of  V  and  consequently  can  be  described  by  the  Taylor 
theorem  v.  ..  I  "b  tt*\ 


1  1*1  \ 
V  /< 


V 


(15) 


if  y  ;  0  and  the  normal  point  is  on  the  surface  itself.  Conse¬ 
quently  from  equation  (14)  there  arises: 

Co^ 

Likewise,  the  number  of  particles  passing  from  the  interior 
to  the  exterior  through i<j  at  angled,  la  designated  by: 

(1 (4^)0  ^ 
op  that 

.  w  J  n  ^  \  *  r  i  | 

(16)  d  *  ~=^J~  ^  '“os  °** 

the  partiole  increase  in  volume  by  movement  occurring  during 
ties  is  the  particular  group  considered.  We  have  first  of  all 
now  to  summarize  over<»4  ,  that  is,  to  form 

2  N.  Cos*o<  =  2  N* 

«* 

Slnoe  aooording  to  our  fundamental  law,  all  directions  are  probably 

C*  | 

••  -i  -  also  because  of 

equation  (13) N.  Coe*«<  *  so  that  equation  (16)  is  transformed 

*'  3,  n 

into 
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The  integration  over  the  entire  aurfaoe  with  consideration 
to  aq.uati.cn  (10*)  yields 


On  the  other  hand,  there  ia  the  increase  io  the  particle  nua— 
ber  in  the  volumes  and  in  the  timet^|^- ti*).  If  we  set  theae  numbers 
equal  to  each  other,  employ  the  Gaussian  principle,  and  substitute 
for  N  the  probability  V  which  is  proportional  to  the  particle  number, 

w  VJl 


then  we  obtain 


"ft  U 

2% 


=  ATj 


whioh  oan  be  described  in  the  curvilinear,  noneuolidian  coordinates 


,6, 


(17) 


Hf  '  4J  X  hf%  1  3 

'at  vy  frr  \  *  ±<\  J 


aU. 


In  this  oaBe  1b  calculated  from  by  the  linear  equation: 


(16) 


-f  **  J 


a 


■i 


0 

1  W  X.C 


2.  Rotational  Movement  by  Spheres 
For  the  treatment  of  molecular  rotational  movement  by  spheres, 
we  have  introduced  as  coordinates  the  Suler  angels  <p  .  Tbs 
first  two  both  determine  the  position  of  an  axis  imbedded  in  a 
|  BPhere  with  reference  to  a  spatially-fixed  reference  system*  sig¬ 
nifies  the  angle  of  a  plane  which  goes  through  sseh  axis* 


If  p,  q,  and  r  signify  the  angular  velocities  around  three 
uooeaaire  perpendioular  eLxes  within  the  body,  then  the  heat  cf 
riotioa  produced  in  a  unit  of  time  is: 


(19)  - 

n 

iere  aooording  to  Kirohhoff': 

U>  »  %  H*  U  £V_* 


where  ja-  and  eustand  for  the  frictional  coefficient  efithe  liquid 
and  the  radius  of  the  sphere.  , 

Sinoe  now5  . 

J  p  -  *y  Sw,  £  Svtn  Y  +  Cos  ^ 


(ao  j  y.  '?Sw5c»1'P'-S^'P 

vx  -VCo^-a+ 

then  for  the  date  mination  of  volume: 


i.».  WU*\.  J v*+  i  tp^aCo^yJ'p) 


tfe  have  thus: 


and  consequently  as  a  result  of  equation  (16): 

Vl“*’ 

O'* J  r  --  C°-7  ^ -  •  G  »•=  o'l=  o 

3  ^  0 


and  aooording  to  equation  (12): 

Q  =  vos  : 


oo  that  (18)  is  converted  to: 

ATC _ 1 _ 1_  (tx„  5s  SilN 

iT  —  S  a  -9-  \  ^  ' 


*•  ( SUL  -t  ^  vx.  _  no  ^ 

^  \-fc  ^3  *  ^^05*0  ^  f  -0  (p 

It  is  a  question  now  of  integrating  this  equation.  Tor  this 
purpose,  let  us  make  the  following  reflection:  If  the  initial  posi¬ 
tion  of  the  sphere  is  given  by  certain  values  of^.'f’'  ,  and  T  when 
>9*  f*  op  »  O  ,  and  these  values  of  £  , '+'  ,  and  ^  are  assumed 
for  timet  ,  then  one  can,  as  is  known,  through  a  single  rotation 
around  an  appropriately  selected  axis  transform  the  sphere  from 
the  initial  position  into  the  terminal  poisition.  These  axes  are 
determined  by  both  the  Euler  angletSY  whereas  the  rotational  angle, 
which  performs  the  conversion,  is  designated  by  §  (w&en  t  z  0, 
then  $  =  0).  Then  on  the  grounds  of  symmetry,  it  must  give  an 
integral  of  equation  (23),  This  will  be  dependent  only  on  $£  in 
addition  toT  while  8  and1r  will  be  independent.  Even  this  inte¬ 
gral,  however,  Interest  us.  We  1  a  9  expressed -9  ,  Y  ,  and  ¥  by 
6  ,T  »  and  ^  ,  replaoed  eaoh  magnitiude  in  (23)  by  these,  and 
determined  the  integral  which  is  depdndent  only  T  and  §  , 
t  This  idea  should  now  be  oarried  out  analytically,  A.  point 
on  the  sphere  at  time  t  has  in  a  spatially-fixed  coordinate  sys- 

I  ~ 

tea  the  coordinates  x,  y,  and  z.aAt  time  t  =  0,  the  coordinates 

T 

Were  Xq,  y0l  and  zQ.  Moreover,  if  we  assume  further  two  systems 
filed  in  the  sphere  ^  ^  £  andX  ,  H,  and  Z  whose  axes  have 

i 

iireotional  cosines  relative  to  the  z,  y,  z  axes  which  In  known 
trays®  are  expressed  by  the  Euler  angles  -D  ,*y  ,  as  well  as 


11 


Q  ,  and$>  .  Yfoereaa  the  x,  y,  and  z  ohange  with  time,  the 
^ ,  Vj  ,  ^  aa  well  as  JET  ,  H,  Z  remain  oonatant. 

If  we  we  give  the  mentioned  directional  ooelnes  by  the  ebhaae: 


Z  H 


A. 

L  r’ 

!  'l 


A,  A, 
S,  B, 

r*  r. 


I  f  v  : 

*  !  “i  «, 

» !  ft  p ,  ft 

'  I  r»  rt  r. 


and  differentiate  the  values  valid  for  t  *  0  by  the  index  0,  then 
geometrical  oonneotiona  are  valid  without  additional  evidenoe: 

[  Aja  A,  ■+■  A..A,  4-AlaA,  -  or,,*,  +«,„«,  + 

(24*)  |  Bl0 A,  +  B1() A,  4-  Bla  A,  -  ftca,  +  ,9,,  or,  +  ft,  a,, 

(ri«*i  +  r»Ai  +  ftoft  -  rlta,  +  +  r„ 

f  Ai.Bi  +  ftoft  +  A*B,  -  «r„ft  +  *„ft  h  «*ft- 
(24b) )  B1()ft  4-  BI98,  4-  B„B,  ■  ft,ft  4-  ft, ft  +  ft,ft. 

I  ft,  B,  4-  ft,  B,  4-  r„  B,  "■  y>,  ft  4-  ft  4  ft  ■ 

(ft*ft4-  ft,  ft  4A„r,  -  r, 4- s# r.  +‘r»?,M 

(24°)  |  ft,  ft  4*  BI0  ft  4-  Bm  ft  •»  ft,  4-  ft,  y,  4-  ft,  y, , 

l  ft.  ft  4-  r,er,  4-  r*ft  -  yltya  4-y„  r,  4-r*  y,- 


Since  we  have  assumed  for  t  «  0  ^  *  "Vf*  *■  O  ,  thus: 


( 

s 

1  i 

o 

5 

(25) 

C“' 

o; 

^*%■  i; 

V-o 

o, 

0; 

Furthermore 


(85») 


,  for  *fc  fi  0,$-  0,  theni0: 

-  Co 3  5-  B„  --  S,n  $ 

"  “  Sir.  4  CoS  0  3is"  Cos  Y Cos  B 


! 

) 

[ 

r 

i 


ft'  o 

r  -  s,~  e 

Co  1  Cos  0 
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From  (24a)  with  the  usa  of  (25),  A3  Is  produced.  Likewise, 

3j  and  r  3  are  proct„,od  from  (24b)  and(24o),  Thus*  *«  obtained: 

A»  =  A»c^.  *  G>jo°U  4-  (To  < 

(26)  ^3  "  P1  ^  ^ia  P* 

r,  -  A*  r,  *  Bs,  Y,  +  t70  V3 

Sinoe  A3,  Bg, f  3  depend  only  on  8  and  'f  10  and  not  on  #  ,  and 
since  only#  is  altered  during  rotation,  but  not  0  and  y  ,  then 


(27) 


A,  -  ASo  5  Bf »  6^  j  yj'  I70 


By  using  equation  (26) 

A,  6*.  3  0 

(28)  a5  p,  +  +  rs  p,'  0 

As  ■+  Bj  t2  t  ^  (ra-  »  0 

As  a  result,  A3:Ej  ( P  3  does  not  interest  us)  is  calculated  to; 

A»  Y  * 

0,  '  V..+  p. 


129) 


or  with  the  use  of  (27)  and  (25’)  on  the  left  as  well  as  for  the 
;  expression  for  the  directional  oosine  on  the  right  to  a  si  ipler 


:  expression: 

that  is, 
(30) 


■3 


¥ 


:t3 


5L=JL 


Y 


TSL  _  V 
z  ~2zr~ 
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yfoen  (24c)  and  (25)  are  also  taken  into  consideration: 

r,  --  a,,  x  ■»  e,.  Yr  +  n.  Yj 

=  Awr,  +  6„Y,  t  r^Y\ 

n  --  a36y,  t  y3 

If  one  inserts  into  the  right  the  value  (25* )  then  one  con¬ 


siders  the  use  of  (30):  ^ 

Svvx  §  S\r>  $  3  2_ 

®  P  -  ~ •Sw,  t)  Cos  9  ^■n  ~^r  +  *i\Y\  GCos 

eos  ©  -  s,*  dti.s  Sw,  ££t  +  CW©Cos  a 

from  the  last  equation  is  oaloulated: 

(32)  Ct^  Q  *  t-rj  C\’n 

By  means  of  these  values,  one  oan  eliminate  0  from  the  second 
equation  (31)  and  thus  obtain: 

(33)  Cos  r  Cos  a)’  “  2,  Cosa  ^ 

Ia  order  to  obtain  our  objective:  the  equations  (30),  (32), 
and  (33)  give  us  0  , ,  and  as  funotions  of  ^  , ''f  ,  and  Sp  . 
Lastly  we  oan  write  still  another  set  of  equations: 

(34)  V(  -  l  +  2  Gw  $>■,  ^  -  Co,  $  ;  v  Co,  ( <f  -*  y'') 

This  assumes  then  the  form: 

(35)  \=  tL  v  \)  -v  u.. 

If  one  now  assumes  that  the  dependent  variable  U  ia  the 
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partial  differential  equation  (S3)  in  addition  tot  depends  only 
on\  ,  then  one  obtains: 

tU  .  IT  f/.  .  .m.  VU- 


(36) 


It  =  4r 


Since  here  on  the  right  side,  only  but  not  u.  and  v  are 
present,  then  our  search  has  finally  succeeded. 

'  integration  of  the  Dlfferental  Equation  and  Characteristics  of  the 


Integral 

For  the  integration  of  this  equation,  the  method  of  the  parti- 
oular  integral  is  employed  thus  producing: 

(87)  U.?C,S 


where  the 'j*  are  pure  functions  of  •  In  addition,  a  new  rariable, 
x  ,  can  be  introduced: 

(38)  V  4-  x  -| 


so  that  now  according  to  equation  (34): 

(38»)  *  •  Co*a  -§r 

with  the  range  of  0  <  *  <  1. 

then  satisfied  the  differential  equation: 


(39) 


*  (i"  “  2  *)  ^  =  O 
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ln  order  that^,,  remain  limited  to  the  entire  value  range  of 
variable  x  ,  vu  must  he  a  wnole  number,  and  to  be  sure,  one  may 
Holt  the  non-negative  whole  numbers,  ib»  one  obtains  the 
Jaoobina  polynome^G,,  ,  aa  a  solution  which  oan  be  described  by 
the  hypergeometrioal  series^in  the  following  manner: 

(40)  ^  *  £*  (l,T'*V  F  (**».  - 

In  order  to  derive  the  integral,  equation  (39)  oan  be  trans- 
foraed  by  subatitwtion: 


i  -  x 


In  the  equation: 

i 

(42)  J- 


JP  [*V*  (l-  .V*  -  0 


As  a  result?  using  known  methods  one  obtains  first: 

\/ r~  e*  2„  &4- 

or  through  reintroduotion  of  ^  on  the  right  side*: 


*  it  is  necessary  if  ^  and  *3^  are  infinitely  on  the  limits  of 
the  range  for  one  to  regard  the  right  side  without  the  other  so 
that  it  will  be  zero. 
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Aa  a  result,  one  obtains: 


Jr  s  0  h  ^  tn 


(43)  1  or 


^  V  ^ 

.(Ff 


r  *  0  VV  ^  Vi\ 


The  functions  \  y  )  are  thua  orthogonal  to  eaoh  other, 
for  the  calculation  of  the  constants: 

'L*  *  I'}-1'  V^F  i*  =  5 J  * 


«  bear  in  mind  that  : 

17  («^  ** 

where  for  abbreviation  is  applied: 


U‘*  -  J, 

*  &  X 


*  n  -4^  I  v  v>  ♦  '/%  ~1 

- 1_*  ^  \ 


Then  we  obtain  through  continued  partial  integrations: 

*-• 

1  o 

and  from  the  polynome  determination  of  kj1]  follows: 


Thus: 


= 


j  \  rs 

_  un»v  rx-->s *4 , 

2*"  hr  t^*  ji  [m  -Pi  n  (**£) 

•2T  (a  w')  XT  ( z  *>  ♦  Is) 
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We  have  final ly* 


AS  later  wa  will  employ  for  the  argument  *«i  f  wa  wish  to  still 
■tata  this  quantity: 

According  to  equation  (40),  it  is: 

»  F  (*  4i  , 


and  thus12:  II  (-  -jr)  II  (- 

4- tlN>  *  ir  H-  -r)lT  (v'-t-') 

*  13 

whloh  furthermore  gives  : 


-rrl-lY 


AO  that  finally: 


The  Functional  Determinants 

0  Sin^JiMfi?  was  the  probability  that  the  position  of  the 
partioles  falls  in  the  range  between  and  $•  -♦  ,  'f  and  ^  4-  d  f  , 

and  ^  and^-v^cp.  Since  we  have  now  presented  U  as  a  f urn  t ion  of 
9  *"¥  »  $)  (thatO  in  this  case  is  independent  of  Q  and  is  not 
Important),  then  we  must  express  Sin  *9  A  §  «i  y  d  ,  however,  by 
9  ,'Jr  ,  ^  and  their  differentials. 


•  The  formulae  (43)  and  (44)  were  also  generally  derived  by  H* 
Radeaaoher,  Ztsonr.  f.  Phys.  39:  462  (7)  and  39:  463  (13)  1926, 
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According  to  (30),  (32),  and  (33): 

¥8  -  ±  * 


(46) 


J  V  .  ^  9  = 


^  ^  t 


v. 


s  e  Co»  =  Co,  3  -  a  Co^  Svn^  ^ir 


fjt  a  result  of  a  simple  calculation: 

(47)  A  ?J.  i,  .  (<tS  J&JH  <f 

«e  must  ncrw  express  however  \*%  t1  sad  Sin-9  by  v  and  *  .  Proa 
the  la6t  two  equations  of  (46): 


[48) 


c«*  A  -  ^ssf^r;  C«’  i  Co,1^ 


Hialnation  of  Cos2  ^  girds  as  a  result: 

(49)  *  H'  -v  °P  ^  Ct*  t\>  (s*  ^ 

*  Jt1  +  s  +  l 

If  one  inserts  this  value  into  the  second  equation,  then  one 
obtains: 


Co 


>*  #  ■  =  ■±=s— 

3  (  y*  -t  t'1*  ’  »  2  (r*4t^ 


•o  that: 


150) 


$v~2  &  - 


(*>a  •»  ,4 


As  a  result,  we  can  obtain  from  equations  (47),  (49),  and  (50): 

^  i  d  if  J  <?  =  2  a/j-«~  '  AT  <j  v  i  , 

V  '  *  *  W*-*  \)K 
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aad  from  the  second  equation: (4^) : 

^'v'  0  J  0  -  ■  v  y 

Cr‘+  O  r»_ 

Thus,  with  the  obvious  suppression  of  the  minus  signs: 

^  §  <j  %  J  y  *2  Sx*Od  0  j  Y  .FTrUTj. 

N  1  r  5 

or,  since  according  to  (40),  (34),  and  (38)  s  •  Zx  -  1: 

<5°'i  3-J^JfJip.i^eJeJy  ^psTj, 

H.re  according  to  equation  (SS'J,  I  ■  Coa2  Q  . 

Thus,  one  obtains: 

U  Siv-bJ  $  JvJ  j>.  ^U.M'^’^QJQJyJh 

aie  is  the  probability  that  in  this  case  that  the  position 
at  time  proceeds  from  the  position  at  time  by  a  rotation 
around  tha  angle  -  /  ^  .  JR  \ 


$  (» ,  c.,*  4~) 


around  the  axis  given  by©  and  ¥  .  As  was  to  be  expected,  all 
of  the  angular  orientations  are  quite  possible. 

If  one  designates  v(x,t)dx  the  probability  for  this,  that  at 
time  t  ,  the  quantity  x  between  i  andudi  remains  independent 
of  it,  around  whose  alxs  takes  place  the  rotation  necessary  for 
the  transformation  from  the  initial  to  the  terminal  position,  then 

one  has  to  integrate  over  0  and  and  take  into  consideration 
(37)  and  (40). 


V  (*,-*>>  r  uirvJTzT 


r  (  *  \ 

Gk0,t.  *) 
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i  The  constants  Cn  are  determined  by  restrictions  that  for  T*  o 


and  x  ^  "i- 


f  (52 


)  v  =  o 


and  for  each  value  of  T  : 


Vt  *,  T)  &&  =1. 


We  can  substitute  the  restriction  (52)  by  the  following  also: 


(52'  ) 


t  =  o  i  > * > i  -  e  V*  A 
t-«  >>  >  o  'i  -  o 


and  then  transform  to  the  limit  Because  of  (53), 

so  that  in  the  final  oase,  neither  t  nor  A  occur  anymore. 


The  following  equation 
(54)  V  U.o\  =  UTC 


Cn^n  (*"> 


which  is  derived  from  (51)  is  multiplied  by^ix  and  integrated 
from  0  to  1,  As  a  result  of  (52(*  ),  one  obtains 

Wtt  Cn  * 

Since  the  left  side  has  ths  provision which  are  valid  fort  *» 
then  (44)  and  (45)  are  used: 


C * 


■  So  that  finally: 


v  c*,t^  -  4~ 


H/  V  ,  (  \ 


*  Binoe  later  we  will  use  onlv  th«  ' 

*• »« obJ®otioa  oc  ttl. ;::::rtioc  °f  tse  seriea-  — 
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Wbon  "t  =  w  ,  only  the  first  remains,  n  •  0  corresponding 
to  the  portion  remaining.  One  obtains  in  this  case: 


\J  t*.r^  „ 


that  is,  the  probability  that  the  point  lies  in  the  element  i 

“•  A-  ,  rrrr~  ,  ^  e  i  Q  i  g 

TT  V  *  0  4.  tt- 


However,  aocori±£gtbo  (50*),  this  is  the  same  as~i 

However,  alter  an  infinitely  longer  period  of  time,  there  is  an 

equal  probability  of  the  orientation  occurrences. 

from  (5ft);  the  average  valus  of  Cos  $  and  Cos2  $  oan  be 
obtained.  Aa  previously  mentioned,  the  j£>  is  the  rotation  around 
any  axis  and  transforn-s  th^  particle  from  the  initial  position  to 
the  position  held  at  time  "C  , 

Aooording  to  (3 S'),  Cos  »  2i  *  li  Further: 

£•  *  i  ')  Cx  e  I  ~  Ci -/-/£*■*■  n  ** 

as  a  result  one  obtains: 

r>  /t~  _  ,  Gi. 

(57)  Los  2  '  ^ -  >  '-os  &  "  +  —  +  — 


3y  multiplication  of  this  expression  byV(*)T^ ,  integration  from 
0  to  1,  and  consideration  of  formulae  (43)  and  (44)  in  the  inte¬ 


gral,  one  obtains: 


-aVt* 


Co,$ 


■t  -  -f  e 


r  w  »  J _ Jl  p"3  5" 

Los  §  a  *  **■  +T 


H 
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These  expressions  play  a  role  in  the  theory  of  polarized 
fluorescence  in  which  oase  one  makes  the  assumption  that  the 
noleoule  excited  at  time  t  ■  0  emits  later  the  absorbed  energy 
et  time  t  in  the  fora  of  fluorescent  radiation.  One  can  as  a 
*«#uit  calculate  the  contribution  which  the  molecular  rotations 
provide  regarding  the  delay  tiae  t  for  the  depolarization  of  the 
fluorescent  light. 

observation:  If  each  particle  has  an  axis  fixed  in  epaoe  whose 
orientation  is  obtained  very  easily  again,  then  U  would  satisfy 


the  equation: 

t>u  It  vu 


with  the  accessory  conditions 

i  v-o  ^  o  u*  o 


*•  wall  as: 


*CT 


jvii 


The  one  obtains 


Co*  r\  «^«  t 


;  Th989  foraulae  are  easily  disbinqulshed  fron  those  for  variable 
i  11X98  ?or  v«ry  saall  valuea  of  t  ,  the  equation*  (58) 

,  are  opaverted  to  the  one  given  by  Einstein: 

I  rp*  _ 

\  U3 - 


-23- 


wfcereas 


<J>4  *  *4^* 


is  obtained  osier  conditions  similar  to  these  for  (33), 

3.  Orientation  of  Rotational  Bodies 

If  it  is  only  a  question  of  determining  the  probability  of 
the  axial  position  of  rotational  bodies  (for  example,  needles 
slid  discs)  whlchirepresents  the  orientation  of  the  particles 
in  the  case  of  arrested  topical  axis,  then  one  prooeeds  accorteng 
to  (£1)  with  the  standard  determination 

Is1  •  \n  (  <J  ^  <1  ^  **  (  Cot  -9-<j  ^  +  J 

■hers vo  and  u»  are  the  frictional  resistances  which  occur  during 
rotation  around  an  axis  perpendicular  to  the  topical  axis  as  well 
as  around  the  topical  axis.  In  this  case,  one  obtains  the  partial 
differential  equation  for  U: 

f"  •aiL  _  a  t  r  ~ 

\  T>  X.  Uj  l?"" 

(59)  1  u 


-h  U 


I 


~oa  Vj  Vd  ^  -^VM1  CM*  ^  ~C?"  11 


Vo' 


If  the  topical  axis  initially  has  the  positioner  o  ,  then 
U  would  be  independent  of  f  and  Op  for  all  times..  Thus  one  ob¬ 


tains 

(89') 


.  XT  ^ _ 


■D-t  V,  T,,  (l_  *  ;  T5  X 


a\~t>U 


where  w  .  iB  used  with  the  limits: 

(60)  Vw^AYn  Ts  0  tys^X  =£■  \J  -  0 
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la  this  manner,  U  is  concisely  determined. 

Similarly,  as  in  the  previous  paragraph,  we  substitute  the 

restrictions  agAAn  by  the  following: 

U3>mt>  \  -  a  - 1  <  x  <  I  -  £  =  O 

(60'  \  ^  \j^  s 


^  »  b  \-0Cv  c  H_ 


and  then  transform  over  the  limit  llme-*o  ,  where  Ae«  1  is 
required  according  to  <61?. 


A  solution  to  (58*  )  is: 

l 

U  tx.v'')  =  Z 


r>  .  v 


where  K,  is  understood  to  be  the  spherical  functions. 

Multiplication  of  U(x,0)  with  Pn(x)dx,  intergration  from  -1  to 
r  1,  consideration  of  the  equation  Pn(l)*  1  and  integration  of  the 
spherical  functions  gires  Q,*  —Vll  ,  thus: 


(62)  Ul 


a.r,-v\ 


P,  c«-> 


for  tne  mean  tn(x ) ,  then  one  obtains: 
_  ■*  > 

'63)  P„io  •  UJx=  e 


-b(n-v^ 


\T* 


and  henoe  to  the  mean  value  formula 

-  O  -k  ,  —7“,  (  S-  a  Go 

V  e  —13 —  J  XA  --  -r  ‘'IT  e 

whioh  Perrin  (already  cited)  had  already  found  without  integration 
of  (59*)., 
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4.  General  Molecular  Movement  of 
Rotational  Bodies 

In  addition  to  the  Euler  angles  ^  ^  ^  which  determine 

the  orientation  of  particles,  we  do  not  introduce  the  spbtial- 
orientated  coordinatesaxes  x,  y,  z,  but  we  indicated  by  the 
middle  point  of  the  coordinate  systems,  which  ooinoide  with  the 
mid-point  of  the  particle, at  time  t  *  0,  three  axial  pokitid>n3 
perpendioular  to  each  other  whioh  are  parallel  to  the  principal 
axis  of  the  particle  in  its  immediate  orientation.  q^,  q^ 
are  termed  the  coordinates  of  the  partiole  mid-point  in  this 
system.  Thus : 

C  ou  =  °< .  *  +  I5,  ^  *■  ^  2_ 

(64)  '  V' 

v  V‘‘  *  M  "*  T»3- 

whereof  ,  p  ,  V  are  expressed  .in  definite  ways  by  the  Euler 
angle. 

Now,  the  standard  determination  is:  N 

Here  w^and  »3  signify  the  frictional  coefficients  for  transposi¬ 
tions  perpendioular  as  well  as  parallel  to  the  topical  axis, 
whereas  w  and  w1  are  the  coefficients  for  the  rotations  as  des¬ 
cribed  in  the  previous  paragraph.  How,  a  differential  equation 


for  U  can  be  written:  „  a..N 

pg  ^><g. 


-£vH 
r,  ^  j 


at  n_i ,  ..vu.  *  1 


.  /-B»u  T 
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;  Ac  integral  independent  of  $  ,  vp  ,  that  has  the  limitations 

x-  0  ^  o  )  ■%.  o  ^  ^  o  U  ~0 

|  of  well  as 

|  jfnu,!\  K»* 1 

(  (66)  (ATT^T-t^i 


3y  oeans  of  (64)  is  obtained: 

(?*,*  ■+  Pj  'Ji*  X^  , 

VvAive.  *  x  -v-  ■»  2.  2' 


Consequently:  x  vat-^t  u  K  +  a  ,  *v *Y 

t«’>  ^  "  ("Vrt-t  T-tf* 


For  the  progression  (can  be  translated  locomotion  also)  gf 
partiolea,  we  are  interested  only  in  the  mean  value: 

-r?  trr  VO" 


lit.  »  J  -9  <J  f  I  <f> 


Slnce«y4=  t\V.  ^  V  n  ;  tf,- C*»  tj  »  we  oan  introduce  from  the 

uniform  sphere  the  point  ,  J-  a8  poles,  G  as  the  polar 

distance,  and  aa  geographical  longitude,  and  obtain  from  (68) 
by  insertion  of  (67) 

^  e  Je  ^QJ6 


_ _  _  vi  1 

_  vov  pw*  r 

(+ttA.TkJ£  *  J 

6 


I 

C  ^  t2-  , 

J  S  Q 
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If  (flattened  rotational  body),  then  one  has: 

~*^krX  \Ztt~  j>  (V  ^ 


(69d)  ^  ‘  *• 


^JTT 


ihere  <£  is  the  Guassian  error  integral.  In  the  oaae  of  ^Jj<uo( 
(lengthened  rotational  body),  one  obtains  in  this  oase: 

Z&r*  Y  (V^gM 

f  v*>»  “ 

i  YVrt  >r 


w  *4Tjb 

(«b>  V  tor'k’TdfcZ 


y(^=$vj 


In  both  caaea,  in  order  for  v  and  4^^  r  to 

describe  accurately  the  behavior  of  probability  eicept  the  factor 
,  one  has  to  employ  needles  with  the  friotional  coefficient 
,  However,  if  this  is  not  the  case,  then  V  is  smaller  in  the 
first  oase  and  much  larger  in  the  second. 

In  order  to  clarify  all  the  other  cearses  of  diffusion  reactions 
la  the  case  of  discs  and  needles,  we  would  like  to  assume  that  the 
needle  radius  c  is  selected  suoh  that  the  friotional  ooeffioient 
'‘J  ■  is  equal  to  the  friotional  coefficient  of  discs  in 

the  displacement  in  their  own  plane, p  *.  ,  where  CL.  represents 
the  dlso  radios  (see  par.  C).  In  other  words,  -  c,  •  'Hie 

friotional  ooeffioient  for  displacement  parallel  to  the  toploal 
axis  Jf  the  dis  is  \£*  *  (see  par.  5).  For  the  behavior  <Tf 

*  In  the  oaae  of  this  function,  one  should  bear  in  mind  what  has 
been  said  by  B,  Gens,  Wied.  Ann.  49;  168  (1916). 
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» v->e  probability  functionVc  which  is  valid  for  discs  (bss  fonsuula 
(63a))  and  for  tk®  measured  for  a  sphere,  whioh  is  derived 


froa  (69a)  when  ui,  ,  one  obtains 

V„  _  P  ( 


V, 


4 


uj, 


The  table  presents  — -  as  a  f  unction^Vij^f^  y  the 
figure  illustraiaa  the  relationship. 


Bie  concentrations  obtained  by  diffusion  are  thus  in  both  oases 
quite  different. 
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Th®  quadratio  mean  >?A  =■  -z*  M  one  obtains  in  the 

lisplcst  way  from  (65),  In  whioh  one  oonsidera  that''*  ^  ^  ■*  ^ 

Tbua,  the  result  is : 


ri  -  s x 


*  £*  .  Sh  -  ^4^-  (— 

“  3 


Ons  obtains  the  formula: 


X*  s 


dir 


if  one  sets 


If  one  had  previously  not  assumed  a  topical  axis  but  rather  the 
■jwoetrioal  behavior  of  a  triaxial  ellipsoid,  then  one  have  instead 

of  (66) :  u  ,  *  «*V 


and  accordingly: 


(71*) 


VO,  VO) 


That  denotes  in  this  case  that  the  standard  determination  then  also 
divides  into  two  terms,  the  first  of  which  includes  only  the  dq^, 
d<*2'  ^3'  wiiereaB  tbe  second  is  dependent  only  oa  &  ,  ^  ,  JC> 
and  their  differentials,  so  that  the  differential  equation  corre¬ 
sponding  to  (65)  breaks  down  into  two  terms  of  similar  properties. 
The  average  mobility  la  this  case  is  the  arithmetic  means  of 
the  mobilities  in  orientation  of  their  principal  three  axes. 
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5,  The  Resistance  Coefficients 

i  ~~ 

I  In  the  theory  of  Brownian  movement,  the  resistance  ooeffl- 
I  elects  play  an  important  role  which  will  now  be  disoussed.  T 
j  be  sure,  one  has  control  over  many  practical  situations  that  ooour 
:  if  oao  knows  tha  values  for  an  ellipsoid*  Spheres,  discs,  and 

I  needles  are  special  cases  of  this.  Although  there  is  no  problen 

i 

j  determining  the  doubtful  coefficients  for  triazial  ellipsoids, 

!  we  would  like  to  confine  ourselves  to  extended  and  flattened  ro- 
i  tational  ellipsolde  whose  half-axes  are  a  a  b  and  o. 

One  is  concerned  with  both  of  the  resistance  coefficients  for 
trnnapositioas  orientated  to  the  topioal  axis  and  perpendicular 
to  it,  which  were  designated  as  w3  and  w^  in  the  preceding  para¬ 
graph,  that  is,  the  force  which  is  necessary  to  give  the  particle 
the  veiooity  1  in  the  orientation  concerned  in  a  fluid  with  the 
friotional  coefficient  u.  .  further,  there  is  the  question  of  the 

f 

|  resistance  coefficients  w’  and  w  for  rotations  around  tha  topioal 
[  exi®  a®  well  as  around  an  axis  perpendicular  to  it,  that  is,  the 
.  torsional  moments  which  are  necessary  in  order  to  give  the  parti- 
[  «!•  the  angular  velioity  1  around  the  axis  concerned. 


1»  Transpositions 

The  appropriate  formulae,  which  were  derived  by  Oberback16, 

17 

are  found  again  in  the  works  of  Lamb  .  The  resistance  coeffi¬ 
cient  for  transpositions  of  an  extended  rotational  ellipsoid 
perpendicular  to  the  topical  axis  1b  shown  in: 


(78) 


M.TTMC- 


i  -  1 
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c^-a*- 

»»iere  t  signifies  the  numerical  eccentricity  (£**  — fir*  ).for  the 
•phere  (t«o  },  the  ■well  known  Stokee  formula  ia  arrived  at: 

"\jJ  m  U  TV  C 

t 

for  roda  (a«$  o),  one  derives  from  (72) 


(72*) 


v>n,  = 


■tVC  VsC. 


(1.1931  is  i*  In  2).  If  movement  ocoure  orientated  to  the  topi* 
oal  axis,  then  one  obtains 


VA*  = 


"»TC  C. 


\  -V  ?  ' 


\  _  -  X 

'*  1  -  C  't5r 


for  rods,  thla  transforms  to: 


(73* ) 


^-*rc 


LrN  ”*  +  0.\®i3\ 


If  the  rotational  ellipsoid  is  flattened,  then  obtains  for  jpove- 
acnt  perpendicular  to  the  topical  axis  (  $."*■•  -  c*  ); 

Q.»- 


|7*> 


\t,TT>x.C_ _ 

*'  j' —  Sw»  c  -  l*~.Cx 


and  in  the  limited  oase  of  the  oiroular  diae(o<^  a): 


(74')  'oOt  =  3S 

J 
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GD 


ttie  other  hand,  for  movement  orientated  to  the  topical  axis: 


(76) 


- 


q„  V-  t 


ted  in  the  limited  case  of  oiroular  disoe: 


(75' 


=  \u 


2.  Rotations 

The  resistance  coefficients  for  rotations  around  the  half- 

IB 

■res  were  obtained  from  an  investigation  by  Xdwardes  .  This 
work,  as  far  as  I  aq  concerned,  has  been  little  consideration 
nod  should  be  pulled  out  of  oblivion. 

furthermore,  it  is  likewise  noted  that  the  formula  essential 
to  us  for  the  torsional  moment,  which  is  found  on  page  77  of  the 
cited  paper,  is  Incorrect,  since  ana  already  knows  in  this  con¬ 
nection  that  when  a  *  b  “  c,  it  does  not  transform  into  the  well 
fcnowa  Kirchhoff  forsuala  (20).  The  numerical  factor  32/5  derived 
by  Edwardea  must  be  heplaced  by  16/3.1  In  other  respeotd,  all  is 
la  order  of  whioh  I  have  oonvinoed.  myself  by  examination,  particu¬ 
larly  the  veloolty  field  at  infinity  whioh  is  enough  to  oalculata 
the  torsional  moment. 


According  to  this,  a  rotation  around  the  a-axls  with  the  an- 


Telocity  u>  developes  a  flow  velAoity  whose  components  axe 


expressed  by  the  formulae: 


^  1  r  c  a  H 

L  J 

- 

w  c 

0  x  <T  TV  X 

—  ^ 

t-  0  'b'j'bt 

DaSl  n 
J  1 


a. 
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L  o  -b  2.^  dia  j  *  1 


l^iieaa  the  liquid  pressure  is: 


j  (^  ,  density;  visoosity  of  the  liquid), 


Hare  is  stated: 


m 

i  C /  **  M*-  .  _ ^ 

*2  Uo.C  *  kx.*  <V 


tftere  D  is  defined  as; 


u*‘  s')  Uv  eV.c1  s') 


end  A  is  defined  by, 


-C.  .  _xL.  -r-  — g---^  -  [ 

<4,'-  r  X  t  *-  +X  C  v  X 


Thus 1 5?  is  the  potential,  of  an  ellipsoid  that  has  uniform  mass  with 


the  density  -  - — - 


further,  CT  is  an  abbreTiation  fter: 


v  t*-C 


•here 


-  f  _<K-  e:  0 

J  (tsC^  j« 


J  Cc*-e-  b 


One  ia  easily  aula  to  verify  that  the  Y&lues  for  u,  v,  w,  p 
»r»  appropriate  for  differential  equations  for  slower  movement 
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|  in  agitated  liquids  aa  well  as  for;.the  limiting  conditions  u  r  0, 

!  y  m  -wz;  w  *  wy  which  are  "valid  for  sdrfaoes. 

|  The  tor3i*al  moment,  which  is  neoessary  for  tha  maintenance  of 
I  rotation,  can  be  ascertained  from  the  values  for  u,  v,  w  at  in- 

i  finite  distances.  Hiere  one  assumes,  however,  the  single  value 

j 

j  --k  ,  -L-  forJ^  since  can  in  this  case  conceive  of  the  total  pro- 

♦ 

j  portion  *  which  represents  the  potential  S2.  ,  concentrated 
|  in  the  coordinate  system, 

^  Thus,  the  resistance  ooeffioient  for  rotations  abound  an  axis 


perpendicular  to  the  topical  axis  (o-axis)  of  an  elongated  elllp- 
soid  can  be  calculated  using  the  usually  valid  formula: 


3  Q  f  c1^- 


Vd-  737 


A-  t‘ 


32-5-  U.  12L 
if  a  «- 


»Jieaf  to  (sphere),  this  transforms  into  the  wall  known  Kirchhoff 
foraula  8^)ia3,  whereas  for  a  rod  (a«o),  the  value  aeaumes: 


3 


I  -  a-X  ,  c 

7* 


j  to  the  other  hand,  when  one  wishes  to  find  the  moment  around  the 

j 

|  topical  axis,  the  expression  used  is: 
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lf  the  rotational  ellipsoid  is  flattened,  then  for  the  rotation 
around  an  axis  perpendicular*  to  the  topical  axis,  one  used: 

^  - 

(78)  ^  (atx-^ 


for  ciroular  discs,  this  transforms  into  (liat»i  ): 

.  .  _  3a. 

(78’)  T'  h  °" 


for  rotations  around  the  topical  axis: 

_ 1 


(79) 


u>.  !ipr^t 


47- (i  l  -  £** 

^YJ—  *>»  -  -77- 


for  rotations  around  an  axis  of  rotation  lying  in  the  plane  of  tho 
dlao,  see  (78'  ) . 

Probably  it  need  scarcely  be  mentioned  that  rotations  around  a 
topical  axis,  particularly  rotations  around  spheres,  oannot  be 
produoed  by  impulsions  by  molecules.  When  one  speaks  of  such 
rotations,  then  it  means  that  the  particle  does  not  have  exaotly 
tfce  fora  of  a  rotational  body. 

According  to  theaabovs,  the  coefficients  is  dependent  on  two 
variables  0  and  £  •  Using  statistics  on  transposition  observations, 
on*  oan  according  to  Par.  4,  formula  (71)  determine  ,  which  is 
according  to  (72)  and  (73)  as  well  as  (74)  and  (75)  an  expression 
of  tho  formt  j',  (f),  The  measurement  of  the  flash  time  of  non-spherioal, 
partially  Illuminated  particles  according  to  the  not  yet  published 
•tudies  of  kiss  Stadies  produces  an  average  for  the  determination 
ofv*  ,  which  according  bo  (76)  and  (78)  has  the  formc*f  W). 
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Xo  this  manner,  it  ia  possible  to  determines  and  c.  separately, 
,-at  is,  the  size  and  fora  of  the  particle. 
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